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Abstract 

We define Baker omitted value, in short bov, of an entire or meromorphic function 
/ in the complex plane as an omitted value for which there exists tq > 0 such that 
for each ball Dr{a) centered at a and with radius r satisfying 0 < r < ro, every 
component of the boundary of f~^{Dr{a)) is bounded. The bov of a function is the 
only asymptotic value. An entire function has bov if and only if the image of every 
unbounded curve is unbounded. It follows that an entire function has bov whenever 
it has a Baker wandering domain. Functions with bov has at most one completely 
invariant Fatou component. Some examples and counter examples are discussed and 
questions are proposed for further investigation. 

Keywords: Omitted value. Baker wandering domain, Meromorphic function. Entire 
function. Completely invariant Fatou component. 

2010 MSC: 37F10, 30D05, 37F50 


1. Introduction 

Let / : C — )■ C = ClJ{cx)} be a transcendental entire or meromorphic fnnction 
with a single essential singnlarity which we choose to be at cx). A point a G C is called 
a singular value of / if for every open neighborhood U of a, there exists a component 
V of snch that / : U —)■ U is not injective. The set of singular values is the 

closure of all critical values and asymptotic valnes of /. A critical valne is the image 
of a critical point, that is, f{zQ) where f'{zo) = 0. A point a G C is an asymptotic 
value of / if there exists a curve 7 : [0, cx) —)■ C with limt_,.oo fit ) = 00 such that 
hmj_,.oo = a. An eqnivalent definition of singnlar valnes which is more relevant 
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for this article follows [3]. For a G C and r > 0, let Dr{a) be a ball with respect to 
the spherical metric and choose a component Ur of f~^{Dr{a)) in snch a way that 
Ur^ C t/r -2 for 0 < ri < r 2 . There are two possibilities. 

f- rir>o ~ f°^ z & Then f(z) = a. The point 2 ; is called an ordinary 

point if (i) f'{z) 7 ^ 0 and a G C, or (ii) 2 ; is a simple pole. The point 2 ; is called 
a critical point if f'{z) = 0 and a G C, or 2 ; is a mnltiple pole. In this case, a 
is called a critical value and we say that a critical point or algebraic singularity 
lies over a. 

2. nr>o = 0: The choice r ^ Ur dehnes a transcendental singularity of f~^. We 
say a transcendental singularity lies over a. There is a transcendental singularity 
over a if and only if a is an asymptotic value. The pre-image of every ball 
centered at an asymptotic value has at least an unbounded component. The 
singularity lying over a is called direct if there exists r > 0 such that f{z) ^ a 
for all z G Ur- The singularity lying over a is called logarithmic if / : t/(r) —)■ 
Dr{a) \ {a} is a universal covering for some r > 0 . A singularity is indirect if it 
is not direct. 

A value 2:9 G C is said to be an omitted value for the function / if f{z) 7 ^ zq 
for any 2 ; G C. It is easy to note that each singularity lying over an omitted value 
is direct. In other words, each component of is unbounded for every ball B 

centered at an omitted value and with sufficiently small radius. However, more than 
one singularity can lie over an omitted value. For example, there are inhnitely many 
singularities of the inverse of tane^ lying over i. This article deals with certain type 
of omitted values over which there is only one singularity and that is not logarithmic. 

Let Dr{a) be the ball around a with radius r with respect to the spherical metric. 

Definition 1.1. (Baker omitted value ) An omitted value a G C of an entire or 
meromorphic function f is said to be Baker omitted value, in short hov, if there exists 
To > 0 such that for all r satisfying 0 < r < vq, each component of the boundary of 
f~^{Dr{a)) is bounded. 


It follows that f~^{Dr{a)) is inhnitely connected and each component of C \ 
f~^{Dr{a)) is bounded (Lemma 2.1). The bov is the only asymptotic value of the 
function (Theorem 2.1). Consequently, the bov of an entire function must be 00 and 
the bov of a meromorphic function is always hnite. If g is an entire function with a 
bov then a is the bov of the meromorphic function ^ a, a G C. Conversely, if / is a 
meromorphic function with bov a then 00 is the bov of the entire function 
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The sequence of iterates {/"'}n>o of / on a domain C C is said to be normal 
if every sequence of functions in {/”}n>o contains a subsequence which converges 
either to a finite limit function or to cx) uniformly on each compact subsets of 
The set of points z G C in a neighborhood of which the sequence of iterates {/"}n>o 
is defined and forms a normal family is called the Fatou set of / and is denoted by 
The Julia set, denoted by J{f), is the complement of J^{f) in C. The Fatou 
set is open and the Julia set is perfect. A maximally connected subset of the Fatou 
set is called a Fatou component. For a Fatou component U, Uk denotes the Fatou 
component containing f^{U). A Fatou component U is called wandering if Un 7 ^ Um 
for all n ^ m. We say a multiply connected Fatou component U surrounds a point 
a G C if there exists a bounded component of C — f/ containing a. 

Definition 1.2. (Baker wandering domain) A Baker wandering domain is a 
wandering component U ofJ^{f) such that, forn large enough, Un is bounded, multiply 
connected and surrounds 0, and /”(z) —>■ 00 as n —)■ 00 for z G U. 


Note that if / has a Baker wandering domain then all the Fatou components 
including the Baker wandering domains are bounded. 

Let E denotes the class of all transcendental entire functions and M denotes the 
class of transcendental meromorphic functions with at least two poles or one pole 
that is not an omitted value. An omitted value of a function belonging to the class M 
determines a number of important aspects of the dynamics of the function [ 6 ] . In this 
article, we first state and prove the existence of Baker omitted value and investigate 


some of its dynamical implications. Theorem |3.1| proves that an entire function has 
the bov if and only if the image of every unbounded curve is unbounded. It is proved 
in Theorem |3.2 that if an entire function has a Baker wandering domain then it has 
bov. A sufficient condition is also found for meromorphic functions to have bov. 

A Fatou component f/ of a function / is called completely invariant if f~^{U) C U 
and f{U) C U. It is proved in Theorem 4.1 that every meromorphic function with bov 
has at most one completely invariant Fatou component. This is a stronger version of 
an unresolved conjecture which states that the number of completely invariant Fatou 
components of a meromorphic function is at most two. 

A number of properties of a function with bov are found in Section 2. Section 
3 discusses the existence of bov and relevant examples. We investigate completely 
invariant Fatou components of functions with bov in Section 4. Some questions are 
proposed for further investigation in Section 5. A comparison of properties of entire 
and meromorphic functions with bov is given in Table [Tj 
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Each function considered in this article is either entire or meromorphic. Every 
ball is with respect to the spherical metric. We denote the ball centered at a and 
with radius r by Dr{a) throughout the article. Let J'z,z G C denote the component 
of the Julia set containing 2 :. 

2. Implications 

First, we analyze the pre-image of small balls centered at bov. 

Lemma 2.1. If a is the bov of f then there is tq such that for all 0 < r < r^, 
f~^{Dr{a)) is infinitely connected and each component of C \ f~^{Dr{a)) is bounded. 


Proof. By the dehnition of bov, there is tq > 0 such that for all r < ro, each component 
of the boundary of f~^{Dr{a)) is bounded. Let r < tq. Since a is omitted, each 
component of f~^{Dr{a)) is unbounded. If f~^{Dr{a)) is disconnected then it has 
at least two components and each of them is unbounded. Further, the boundary of 
each of them has an unbounded component. However, this is not true proving that 
f~^{Dr{a)) is connected for r < tq. 

If f~^{Dr{a)) is simply connected or hnitely connected then it contains a neighbor¬ 
hood of 00 punctured at 00 . By the Casorati-Weirstrass Theorem, f{f~^{Dr{a))) con¬ 
tains C except possibly two points. This is a contradiction as f{f~^{Dr{a))) = Dy.{a). 
Therefore f~^{Dr{a)) is inhnitely connected. It follows that each component of 
C \ f~^{Dr{a)) is bounded. □ 

Singular values of a function are restricted whenever it has bov. For proving this, 
we prove a lemma which may be also of independent importance. 

Lemma 2.2. If a is the bov of f and B is any ball not containing a in its closure 
then each component of f~^{B) is bounded. 

Proof. If is a ball centered at a and = 0 then f~^{B) is contained in 

C \ f~^{D). Further, each component of f~^{B) is contained in a component of 
C\f~^{D). But each component of C\f~^{D) is bounded. Therefore, each component 
of f~^{B) is bounded. □ 

Theorem 2.1. If a is the bov of f then a is the only asymptotic value of f. 
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Proof. Let / have an asymptotic value 6 in C and b ^ a. Considering a ball B 


centered at b whose closure is disjoint from a, it follows from the Lemma 2^ that 
each component of is bounded. But this is not true as b is an asymptotic 

value. □ 

The above result says that if / has bov then every other singular value of / is a 
critical value. Some other important remarks follow. 


Remark 1. 1. Each bov is an asymptotic value. In view of Theorem 2^, it is 

clear that there is at most one bov for a function. 

2. The point at oo is always an asymptotic value for an entire function. Therefore, 
if an entire function has bov then it is oo. 

3. If a meromorphic function has bov then it is a finite complex number. This is 
because oo is not an omitted value for a meromorphic function. 

4. If a point is finitely taken then it is an asymptotic value. Therefore, if a E C 
is the bov of f then for each z E C — {a} there are infinitely many points in 
C that are mapped to z by f. In particular, each entire function with bov takes 
every finite point infinitely often and each meromorphic function with bov has 
infinitely many poles. 



Figure 1: Pre-image of a ball centered at a Baker omitted value of /, where / = f + a = SoRo 
h] S{z) = z + a, R{z) = Ijz. 


5 

















It follows from Theorem 2.1 that an entire fnnction / has bov then it has no 
hnite asymptotic valne. However, the converse is not trne in general as given in the 
following example. 


Example 1. It is well known that f{z) = sinz has no finite asymptotic value. Note 
that each component of the pre-image of every simply connected and bounded domain 
under an entire function is simply connected (See the proof of Theorem 3.1). The pre¬ 
image of every simply connected domain B containing [—1,1] is a simply connected 
domain containing the whole real line. This is because sinz G [—1,1] if and only 
if z is a real number. If D is any neighborhood of oo not containing [—1,1] then 
C\D is a simply connected domain containing [—1,1]. Thus /“^(C \D) is a simply 
connected domain containing the real line and f~^{D) is not connected. Therefore oo 
is not a bov of f. However, if D contains —1 and 1 then /“^(C \ D) is a disjoint 
union of infinitely many simply connected bounded domains. Thus f~^{D) is infinitely 
connected and each component of its complement is bounded. 


Thongh singnlarity of f~^ at a point signihes the local behavior of a branch of 
f~^ at the point, it has global implications in case of bov. Below we state and prove a 
special property of bov, special in the sense that what is trne for smaller balls aronnd 
a bov is also trne for bigger balls. 

Lemma 2.3. Let a E C be the bov of f. Then for all r > 0, f~^{Dr{a)) is infinitely 
connected and each component o/C \ f~^{Dr{a)) is bounded. 

Proof. If / is entire with bov then j + a, a G C is meromorphic having a as its 
bov. Since ^ + a is a bijection, we assnme withont loss of generality that / is a 
transcendental meromorphic fnnction and a G C is the bov of / (See Figure 1). Then 
there exists tq > 0 such that for all r satisfying 0 < r < tq, f~^{Dr{a)) is inhnitely 
connected and each component of C \ f~^{Dr{a)) is bounded by Lemma 

For r > vq > s, the set f~^{Dr{a)) contains f~^{Ds{a)). Since f~^{Ds{a)) is 
connected, there is a component of f~^{Dr{a)) containing f~^{Ds{a)). If there is 
another component of f~^{Dr{a)) then it must be contained in a component of C \ 
f~^{Ds{a)) and hence bounded. But each component of the pre-image of every ball 
centered at an omitted value is unbounded. Therefore it is proved that f~^{Dr{a)) 
has a single component. In other words, f~^{Dr{a)) is connected. 

Let H be a component of C \ f~^{Dj.{a)). Then it is easy to note that D is 
contained in a component of C \ f~^{Ds{a)). Therefore D is bounded. Since each 
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such D contains a pole and / has inhnitely many poles by Remark [^4), f-HDria)) 
is inhnitely connected. This completes the proof. □ 


3. Existence 

A necessary and sufficient condition for existence of bov for entire functions is the 
content of the next theorem. 


Theorem 3.1. Let f E E. Then for each unbounded curve 7 , /(y) is unbounded if 
and only if 00 is the bov of f. 

Proof. Let 00 be the bov of / and 7 be an unbounded curve. Then it follows from 
Lemma 2.3 that for each ball Dr centered at 00 with radius r, f~^{Dr) is inhnitely 


connected and each component of C \ f~^{Dr) is bounded. In other words, f~^{Dr) fl 
7 7 ^ 0 for every r > 0. That means /(y) intersects Dr for every r and hence /(y) is 
unbounded. 

To prove the converse, let /(y) be unbounded for each unbounded curve y. Let 
R be a simply connected and bounded domain and R be a component of f~^{B). 
If D is unbounded then there exists an unbounded curve y in R and consequently 
/(y) is unbounded. But it cannot be true since f{z) G B for all z E D. Thus each 
D is bounded. Now, suppose that there is a bounded component of C \ R. Let it 
be C and consider w E df{C). If f{z) = w then 2 ; does not belong to the interior of 
C by the Open Mapping Theorem. Consider a sequence {tn„}n>o in f{C) such that 
—)■ tn as n —)■ cxD. Then there is Zn E C such that f(zn) = Wn- Each limit point 
of the sequence {zn}n>o is in C. If 2 ; is such a limit point then by the continuity 
of / at z, f{z) = w and 2 ; E dC. Now taking a sequence {&n}n>o in D such that 
^ as n —)■ cxD it follows, by continuity of / at z, that /(&„) —>■ f{z) as n —)■ cxd. 
But f{bn) E f{D) = B gives that f{z) E dB. Thus f{z) = w E dB proving that 
df{C) C dB. If df{C) C dB then f{C) is unbounded. Also, if df{C) = dB then 
/(C) = C \ B and hence /(C) is unbounded. However, this is not possible as / is 
entire and C is bounded. Thus C \ D has no bounded component and hence each 
D is simply connected. Now, it follows from the Casorati-Weirstrass Theorem that 
f~^{B) has inhnitely many components. 

Let iV be a neighborhood of 00 . Then C \ iV is a bounded simply connected do¬ 
main. There are inhnitely many components of f~^{C\N) and each such component 
is bounded by the conclusion of the previous paragraph. Let these components be 
Di, i = 1,2, 3,.... We claim that f~^{N) = C\[J“q Di. If z G f~^{N) then f{z) E N 
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and consequently z G C \U=oA. Conversely letting G C \ IJ^o follows that 
f{z) G N. Consequently, z G f~^{N). Therefore f~^{N) = C\1J“q A- This implies 
that oo is the bov of /. 


□ 

Baker omitted value is a special property of the inverse of / whereas Baker wan¬ 
dering domain is a dynamical aspect of a function i.e., a property of The following 
result connecting bov with Baker wandering domains follows as a consequence of The¬ 
orem EH 

Theorem 3.2. If an entire function has a Baker wandering domain then it has the 
bov. 


Proof. Let IT be a Baker wandering domain of an entire function /. Then every 
unbounded curve 7 intersects Wn and /(y) intersects Wn+i for inhnitely many values 
of n. Since f'^lz) —)■ 00 for all ^ G IT by the definition of Baker wandering domain, 
the intersection lJn>o fl ^n+i is unbounded. Therefore /(y) is unbounded. Now 
it follows from Theorem 3.1|that cx) is the bov of /. □ 


Example 2. This is the classical example given by Baker The entire function 
g{z) given by the canonical product 

OO / 

z) = Cz"^ n 

n=l k 


^ , 1 < ri < ra < ..., C > 0, 


where Vn satisfies some growth condition is an example of entire function having a 
Baker wandering domain. Therefore, g has bov and that is, of course, 00 . 


Remark 2. /// G M has a Baker wandering domain then it has no finite asymptotic 
value by Theorem 9 m- In particular, it has no bov. Hence Theorem \3.^ is never 
true for meromorphic functions. 


The converse of Theorem |3.2| is not true in general as given in the following 
example. 


Example 3. Let f\{z) = + z + \,\ > Q. Let y be an unbounded curve. If the 

set A = : 2 ; G y} zs bounded then : 2 ; G y} zs unbounded. But, by the 

mapping property of e^, there exists M > 0 such that \e^\ < M for all 2 ; G y. Since 
\fx{^)\ > Ik + A| — |e^|| > k -|- A| — M and \z + \\ — M ^ 00 as z ^ 00 , fx{'y) is 
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unbounded. If A is unbounded then consider a sequence Zn in 7 such that ^{zn) —)■ +cxd 
or —00 as n —>■ 00 . //—>■ +cx) then —)■ 00 . Otherwise —?• 0. Thus, in 

each case, f\{zn) = e^" + + A —)■ 00 as n —)■ 00 . Therefore, /a( 7 ) unbounded. By 
Theorem \3.1l 00 is t/ie bov of f\. 

Note that if = {z : Q'(z) = 7ik},k E Z then f\{z) E for all z E L^. The 
function f\ has no finite asymptotic value and the critical values are A — l + i7r(2fc + l). 
Further, if z* is a fixed point of f\ then its multiplier is 1 — X. In other words, all the 
fixed points of f\ are attracting when 0 < A < 2. Note that Zk = log | — A| + ink is a 
fixed point of f\ for all odd k and these are the only fixed points. We assert that the 
attracting basin of Zk is unbounded for 0 < A < 1. 



Figure 2: Graph of (j){x) = —+ x + A, 0<A<1. 
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For odd k, T^\{fx{TiT,k{x))) = 4>{x) where Ti^^k^x) = x F ink and 0(x) = —+ 
X + A. The function 0(x) has a fixed point at log A and this is negative as 0 < A < 1. 
Further, 4>{x) is increasing on the negative real axis, attains its maximum at 0 and 
then decreases. It also follows that 0(x) > x for all x < log A. This means that 
0"'(x) —j- log A as n —)■ oo for all x < log A. Thus fx{z) Zk as k ^ oo for all z E Lk 
for odd k and such that < log A. Therefore, the basin of attraction of Zk is 

unbounded. Note that if a function has a Baker wandering domain then all its Fatou 
components including the Baker wandering domains are bounded. This gives that fx 
has no Baker wandering domain. 

Sufficient conditions for existence of bov for meromorphic functions follows from 
some earlier work reported by Nayak |5]. 

Theorem 3.3. Let f E M have a single omitted value a, a E J{f) and Ja, the 
component of the Julia set containing a is singleton. If there is a non-contractible 
Jordan curve in the Fatou set and a subseguence mk such that limk^oo f^^ (j) = oo 
and f^’^i'y) surrounds a for all large k then f has bov. 

Proof. Let denote the image of 7 under . Since lim^^oo Am*, = 00 and 
surrounds a, the asymptotic path corresponding to a ( which is an unbounded curve ) 
intersects 7 ^^., say at Zk for inhnitely many k. Further, it follows that 7 ^ 4 , surrounds 
every finite complex number for all large k. In particular, y^j, surrounds a pole for 
all large k and this gives that f{;^mfi) surrounds a for all large k (See Lemma 1(0]). 
Consequently, fipymfi) a or 00 . It is obvious that Zk ^ 00 and f(zk) —)■ a as 
k ^ 00 . Therefore, fi^mfi) —t a as fc —)■ cxd. 

Let S be a neighborhood of a and the boundary of f~^{B) have an unbounded 
component j3. Then /(/?) C dB. Note that fi intersects ym*., say at Wk for infinitely 
many k and hence f{wk) E dB. But by the conclusion of the last paragraph, f{wk) —t 
a as fc —)■ cx). This is a contradiction. Therefore, each component of the boundary of 
f~^{B) is bounded. Hence / has bov. □ 

An immediate corollary follows. A Julia component is called buried if it is not 
contained in the boundary of any Fatou component. 

Corollary 3.1. Let f E M have a single omitted value a and a E J{f). If Ja, the 
component of the Julia set containing a is singleton and non-buried then a is the bov 

off. 
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Proof. Since Ja is singleton and non-buried, there is a Fatou component U of f such 
that Ja C dU. It can be shown that \J is inhnitely connected. Considering a non- 
contractible Jordan curve 7 in t/, it is seen that /”^''( 7 ) surrounds a and —)■ 00 

or a on 7 as fc —)■ 00 for some subsequence (See Lemma 1[6]). 

If IJ is wandering then —)■ a on 7 is possible only when Ja is singleton. But 

in that case, Ja is buried which is contrary to the assumption. Therefore —>■ cx) 


on 7 whenever U is wandering and we are done by Theorem 3.3 


Let IJra be periodic for some m > 0. It can be shown that Uk is inhnitely connected 
for all fc > m (See Lemma 3.5 |5]). Therefore Um is neither a Siegel disk nor a Herman 
ring. Since a or cx is a limit function of the sequence of iterates of / on Um, the Fatou 
component Um can neither be an attracting domain nor a parabolic domain. Therefore 
Um is a Baker domain and —>■ cx) or a as A; —?• cx) on 7 . If /™''' —)■ cx as A: —)■ cx on 


7 then we are done by Theorem 3^ Otherwise, that means, if —)■ a as A; —?• x on 
7 then /""(a) = x for some n. Consequently, ( 7 ) surrounds a by Lemma 1[B] 

and —)■ X as A: —)■ X on 7 . Now, the proof follows from Theorem |3.3 □ 


4. Completely invariant Fatou components 

Following lemma deals with Fatou components when the bov is in the Fatou set. 

Lemma 4.1. Let f E M have bov a and a is in the Fatou set of f. Then the following 
are true about f. 

1. There exists exactly one unbounded Fatou component. 

2. If U is a completely invariant Fatou component then a E U. 

3. If a is in an unbounded Fatou component V then V is completely invariant. 


Proof. 1. Let U be the Fatou component containing a. Then there exists a ball 
Br{a) centered at a contained in J{f). By dehnition of bov, f~^{Br{a)) is an 
inhnitely connected unbounded subset of the Fatou set. This means that there is 
a single Fatou component, say V such that fiV) = U. Clearly V is unbounded. 
If V is the only Fatou component of / we are done. Note that U = V in this 
case. Otherwise, there is a Fatou component W diherent from V. The proof 
will be complete by showing that W is bounded. The Fatou component Wi 

that each component of f~^(Wi) is bounded. In particular, W is bounded. 


containing f{W) is clearly diherent from U. Now, it follows from Lemma 2.2 
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2. If f/ is a completely invariant Fatou component of / then U is unbounded and 
this is the only unbounded Fatou component of / by (1) of this Lemma. It 
follows from the definition of bov that there exists r > 0 such that f~^{Br{a)) is 
an unbounded subset of the Fatou set in such a way that it intersects U. Thus 
f~^{Br{a)) C U and consequently Br{a) C U since U is completely invariant. 
Therefore a & U. 

3. Let a G V and consider a ball Br{a) contained in V. Then f~^{Br{a)) is a con¬ 
nected and unbounded subset of the Fatou set. Since V is the only unbounded 
Fatou component, it contains f~^{Br{a)) giving that f~^iV) C V. We know 
that / is continuous on V which gives that fiV) is connected. Since V is back¬ 
ward invariant, we can choose a. z G V such that f{z) G V. Then f{V) flld 7 ^ 0. 
This implies V is the Fatou component containing f{V). Therefore V is forward 
invariant. Hence V is completely invariant. 

□ 

It is a conjecture that the number of completely invariant Fatou components of 
a meromorphic function is at most two. This has already been proved for rational 
functions, transcendental entire functions and transcendental meromorphic functions 
of hnite type. Theorem 7 [ 6 ] states that if / is a transcendental meromorphic function 
with a single omitted value and / has at least one critical value then the number of 
completely invariant Fatou components is at most two. The following result conhrms 
a stronger version of the conjecture if the omitted values is a bov. In the following 
theorem, let CVj and Of denote the sets of all critical values and omitted values of 
/ respectively. 

Theorem 4.1. If f G M has bov then the number of completely invariant Fatou 
components is at most one. 

Proof. Let a be the bov of /. If there exists two completely invariant Fatou compo¬ 
nents of /, say Ui and U 2 then each is simply connected [2] and unbounded. 

Suppose / has a critical value. Then either CVf C ?7i or 0/ C f/i by Lemma 5 
of [U]. Without loss of generality we can assume that OfdUi. So the bov a is in 
Ui. By Lemma [4.1[ l), there exists a unique unbounded Fatou component. This is a 
contradiction as there are two unbounded Fatou components. 

Suppose / has no critical value. Since a is the bov, it is the only asymptotic value 
of /. Thus / is of hnite type and it has no Baker domains or wandering domains. 
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Since Ui and U 2 are completely invariant, none of them is either a Herman ring or a 
Siegel disk. Thus Ui,i = 1,2 is an attracting or a parabolic domain and contains at 
least one singular value. But a is the only singular value of /. This is a contradiction 
and it is proved that the number of completely invariant Fatou components is at most 
one. □ 

From some earlier work of Nayak and Zheng, a sufficient condition for non exis¬ 
tence of completely invariant Fatou components follows. 

Remark 3. Let f ^ M have bov a. If a ^ J{f) ond Ja is hounded then f has no 
completely invariant Fatou component. 

Proof. If the Julia component fJa containing a is singleton then the claim follows from 
Corollary 1 (i) of | 6 ]. If Ja is not singleton then there is a multiply connected Fatou 
component which must be a Herman ring by Theorem 1 [U]. But a Herman ring 

implies non existence of completely invariant Fatou component. □ 


5. Questions further 

We put forth some questions arising out of this article. 


Theorem 3.2 proves that if an entire function has a Baker wandering domain then 
it has bov. That the converse is not true in general was exhibited by Example In 
this context the following makes sense. 


Question 1. Characterize all entire functions for which existence of bov implies the 
existence of Baker wandering domain. 


In view of Corollary 3.1 


the following question remains unanswered. 


Question 2. Let f G M have a single omitted value a, Ja is singleton and buried. 
Is it true that a is bov of f? 


If an omitted value of a function is a pole then it has no Herman ring. Also, if all 
the poles of a function having an omitted value are multiple, then it has no Herman 
ring. If a meromorphic function has an omitted value, then it has no Herman ring of 
period one and two. All these are proved in |1] and are true for functions with bov. 
We incline to make the following conjecture. 


Question 3. Meromorphic functions with bov have no Herman ring. 
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It follows from Theorem 2.1 that a function with bov has no asymptotic value other 
than the bov. This restriction seems to simplify the investigation of the dynamics of 
the function. Thus the following is worth-doing. 


Question 4. Investigate the dynamics of entire and meromorphic functions with bov. 

A comparison is made between entire and meromorphic functions with bov in the 
following table. 
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Table 1: Comparison 

Comparison of properties of entire and meromorphic functions with bov. 


feE 

1. The bov is always cx). 

2. The jToo is singleton if and only if 
a Baker wandering domain exists. 

3. The bov is always in the Julia set. 

4. If J'oo is not singleton then 
all the Fatou components 
are simply connected. 

5. If Xo is singleton 
then it is buried. 


/eM 

1. The bov a is always hnite. 

2. It has no Baker wandering 
domain. 

3. The bov can be in the Fatou set. 

4. If jToo is not singleton then every 
Fatou component is simply connected 
or lands on a Herman ring. 

5. li Ja is singleton 
then nothing is known. 
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